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The disjointness graph of a family F of curves in the plane is the graph with vertex set F and
with edges between the pairs of disjoint curves. In the shift graph Hm, the vertices are the ordered
pairs (i, j) satisfying 1 6 i < j 6 m, and two such pairs (i, j) and (k, `) form an edge if and only
if j = k or ` = i. The graphs Hm are triangle-free and have unbounded chromatic number [1,
Theorem 6] (in fact, it is well known that χ(Hm) = dlog2me). We strengthen a result of Pach,
Tardos, and Tóth [5, Theorem 5] showing that Hm can be realized as the disjointness graph of a
family Fm of polygonal curves in the plane with the following properties: (a) every curve in Fm
is made of 3 straight-line segments, and (b) any two curves in Fm intersect in at most one point.
Let ≺ denote the lexicographic order on the vertices of Hm: (i, j) ≺ (k, `) when i < k or i = k
and j < `. First, we construct a realization in which the curve c(i, j) representing the vertex
(i, j) of Hm consists of 4 straight-line segments as illustrated, where
A B
C
D• the A-parts occur in the order ≺ from right to left,
• the B-parts occur in the order ≺ from bottom to top,
• the C-parts occur in the order ≺ from top-right to bottom-left,
• the D-parts occur in the order ≺ from left to right,
• the A-part of c(i, j) intersects the B-parts of c(k, `) up to c(j − 1,m),
• the D-part of c(i, j) intersects the B-parts of c(k, `) down to c(j + 1, j + 2) (if j 6 m− 2).
(1,2)
(1,3)
(1,4)
(2,3)
(2,4)
(3,4)
H4
If (i, j) ≺ (k, `), then c(i, j) and c(k, `) intersect if and only if
j 6= k, as required. By a standard stretching argument (see e.g.
[4, Theorem 3]), the AB-parts of the curves can be replaced by
single straight-line segments with the same intersection pattern.
The curves in the non-stretched realization can be arranged
to touch (but not cross) a common straight line. By contrast,
triangle-free intersection graphs of curves touching (but not
crossing) a common straight line have bounded chromatic num-
ber [3]. An analogous contrast but in the opposite
way holds for graphs realized by straight-line seg-
ments: while there exist triangle-free segment in-
tersection graphs with arbitrarily large chromatic
number [6], the proof technique of Larman et al. [2, Theorem 1] shows that disjointness graphs
of straight-line segments (or, more generally, x-monotone curves) in the plane satisfy χ = O(ω4).
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